Superconductivity of mixed parity and frequency in an anisotropic
  spin-orbit coupling by Biderang, Mehdi et al.
Superconductivity of mixed parity and frequency in an anisotropic spin-orbit coupling
Mehdi Biderang,1, ∗ Mohammad-Hossein Zare,2 and Alireza Akbari1, 3, 4, †
1Asia Pacific Center for Theoretical Physics, Pohang, Gyeongbuk 790-784, Korea
2Department of Physics, Faculty of Science, Qom University of Technology, Qom 37181-46645, Iran
3Department of Physics, POSTECH, Pohang, Gyeongbuk 790-784, Korea
4Max Planck POSTECH Center for Complex Phase Materials, POSTECH, Pohang 790-784, Korea
(Dated: June 20, 2019)
We illuminate the superconducting phases in [001]-grown-noncentrosymmetric quantum wells with
an anisotropic spin-orbit coupling in the presence of on-site Hubbard interaction. Within the ran-
dom phase approximation, we investigate the spin-fluctuation-mediated pairing in the presence of
Rashba/Dresselhaus antisymmetric spin-orbit couplings. Although the existence of spatial inver-
sion symmetry desires a dominant d-wave pairing for all filling levels, a broken inversion symmetry
generates antisymmetric spin-orbit coupling and mixes the even- and odd-parity in the supercon-
ducting gap. We study the symmetry of the mixed-parity gap for various strengths of Hubbard
interaction. Besides, we consider a superconductor-ferromagnet junction to survey the modifica-
tions of superconducting order parameters, and observe an admixture of even- and odd-frequencies
due to the ferromagnet exchange field.
I. INTRODUCTION
The superconducting phase of interacting electrons has
attracted high attention by discovery of unconventional
superconductors, which after more than three decades,
still the origin and nature of the pairing symmetry are un-
clear [1–4]. In most cases, the magnetism and supercon-
ductivity are coexisting/competing via strong magnetic
fluctuations [5–7], and the electron-phonon mechanism is
not gluing the Cooper pairs [8, 9]. This interplay of mag-
netic fluctuations and superconductivity proposes a for-
mation of Cooper pairs with higher angular momentum
like p-wave pairing in 3He or d-wave in high-temperature
superconductors [10, 11].
Understanding of the superconductivity has undergone
a significant progress by studying the instabilities driven
by repulsive electron-electron interactions, especially in
the weak coupling limit [12–14]. Whereas this short-
ranged repulsive interaction may achieve an anisotropic
pairings near the antiferromagnetic/spin-density-wave
instability [15, 16]. A powerful tool to investigate them
is the symmetry analysis, which remains reliable even in
the ambiguity of the pairing mechanism. Particularly,
the discrete symmetries, such as time-reversal symme-
try (TRS) or inversion symmetry (IS) play important
roles [17–20] and would affect the properties of supercon-
ducting gap function [7, 21–25]. In that matter, if at least
one of these symmetries is broken, Cooper pairs, which
have an antisymmetric wave functions under the inter-
change of all quantum numbers, acquire exotic forms.
As an example, in ferromagnetic superconductors with
broken TRS, the electrons are most likely paired in the
same spin directions [6]. Thus lack of TRS may cause to
sign changing of the Cooper pair’s wave function under
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time-exchange. This unequal time pairing yields odd-
frequency superconducting couples for describing super-
fluidity [26], as well as, superconductivity [27]. More-
over, there are many proposals for the possibility of
superconductor-ferromagnet (FM) junctions to realize in-
duced odd-frequency pairing, or the admixture of even-
and odd- frequency Cooper pairings [20, 28, 29].
Recently, topological superconductivity in heterostruc-
tures with strong spin-orbit coupling (SOC) have found
a wide range of promising applications [30–32]. In non-
centrosymmetric superconductors (NCSs) with violated
parity, the lack of IS leads to mixing of even- and odd-
parity pairings [33–36]. Absence of inversion center in
these materials induces an antisymmetric SOC, which
has interesting consequences on the electronic structure
of the system [7, 37, 38]. Considering the origin, there
are two types of antisymmetric SOCs in noncentrosym-
metric systems, which are derived from a bulk (Dressel-
haus) [39] or a structure (Rashba) [40] inversion asym-
metry. The effects of the Rashba/Dresselhaus SOCs
have been reviewd in a variety of systems like ultracold
fermions [41–45], quantum wells [46, 47], two-dimensional
(2D) NSC systems [48], Weyl semimetals [49], transi-
tion metal dichalcogenides [50], and half-Heusler com-
pounds [51].
More exciting, the cooperative Rashba and Dres-
selhaus [52, 53] can come up with a possibility of
topological superconductivity and topological edge
states [24, 54]. An exotic platform for the recognition,
is in ultracold superfluid Fermi gases, where a synthetic
mixture antisymmetric SOCs may be created and
tuned by the inversion symmetry breaking caused by
an applied laser field [55]. Another possible case may
realize by applying an external bias voltage or using the
monolayer in heterostructures may lead to an induced
Rashba-type along with the Dresselhaus, in transition
metal dichalcogenides [50]. Lifting of spin degeneracy
consideres these ultrathin materials as potential candi-
dates to realize topological superconductivity, and to
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2effectively host spinless fermions as a result of the broken
inversion symmetry [56]. Another promising examples
are half-Heusler compounds, where the zinc-blend
structure induces an antisymmetric Dresselhaus. Their
superconducting order parameter has an even-odd parity
mixing, and they can fabricate a peculiar spin texture of
topological surface states [32, 57, 58].
In this paper, we consider the on-site Hubbard model
into a 2D metallic noncentrosymmetric square lattice
with coincidence of Rashba or/and Dresselhaus with-
out any charge or magnetic order. Notably, we aim to
inspect the role of antisymmetric SOCs and electron fill-
ing on the symmetry of superconducting gap function
at different values of correlation. We survey the spin-
fluctuation-mediated pairing interaction within random
phase approximation (RPA) to form mixed singlet-triplet
superconductivity. Moreover, we examine the effect of
an NCS-FM heterostructure on the symmetry of Cooper
pairs and verify the emergence of mixed even- and odd-
frequency superconductivity in the NCS due to the in-
duced broken of TRS.
II. THEORETICAL MODEL HAMILTONIAN
We consider a 2D single band noncentrosymmetric sys-
tem on the square lattice in the presence of on-site Hub-
bard interaction. The Hamiltonian is given by
H0 =
∑
k,ss′
[
kσ0 + gk · σ
]
ss′
c†kscks′
+
U
2
∑
kk′q,s
c†ksck+qsc
†
k′s¯ck′−qs¯,
(1)
where c†ks (cks) creates (annihilates) an electron with mo-
mentum k and spin s =↑, ↓. Here s¯ defines spin with the
opposite direction of s, and also we set the lattice pa-
rameter to 1. Moreover, σ0 and σi (i = x, y, z) represent
the unitary and Pauli’s matrices in the spin basis, re-
spectively. The Hamiltonian includes a noninteracting
and Hubbard parts, which the former consist of a kinetic
term k = −µ−2t(cos kx+ cos ky) and an antisymmetric
SOC, and the latter denotes the on-site Hubbard inter-
action with strength U .
In quasi-two-dimensional systems, due to the dimen-
sional confinement and symmetry reduction, the leading
term for a SOC is linear in momentum [60, 61]. There-
fore, the SOC g-vector is antisymmetric with respect to
the momentum (g−k = −gk) and characterised by
gk = αg
R
k + βg
D
k ,
where the corresponding Rashba and Dresselhaus g-
vectors are defined by
gRk = g(sin ky,− sin kx);
gDk = g(sin kx,− sin ky).
Here, g denotes the magnitude of SOC and the normal-
ized control parameters |α|, |β| ∈ [0, 1]; (α2 + β2 = 1),
tune the magnitudes of Rashba and Dresselhaus.
The spin and orbital degrees of freedom are entangled
together by antisymmetric SOC. Then, the two-fold spin
degeneracy is lift and Fermi surface (FS) splits into two
opposite-helicity (ξ = ±) sheets. The energy spectrum
of each helical FS is given by
εk±=k ± g
√
sin2 kx + sin
2 ky + 4αβ sin kx sin ky . (2)
We show the evolution of Fermi surface at the particu-
lar levels of filling for the pure Rashba (Dresselhaus) and
mixed SOCs in first and fourth columns of Fig. 1, respec-
tively. For the numerical calculations, we set g = 0.6t.
As it is seen, in the case of pure Rashba or pure Dres-
selhaus, the Fermi surface is isotropic structure entire
the Brillouin zone (BZ) and it has a C4v point group
symmetry. However, the mixing of Rashba and Dressel-
haus causes to reduction of symmetry group to C2v with
an anisotropic structure of Fermi surfaces. For cases with
α = ±β, the helical bands touch each other at certain di-
rections [11¯] and [11].
Fig. 2(a) displays density of states (DOS) at Fermi sur-
face (ω = 0) at different levels of filling 〈n〉 and relative
strengths of Rashba and Dresselhaus. For the systems
with dominant Rashba (Dresselhaus), two van Hove sin-
gularities occur for both electron- and hole-doped cases
near the half-filling. In the particular case with the same
magnitudes of Rashba and Dresselhaus, the van Hove
singularity only emerges at half-filling.
III. SPIN SUSCEPTIBILITY AND EFFECTIVE
INTERACTION: RPA STUDY
In this section, we survey the effective interaction be-
tween electron using RPA approach. The pairing inter-
action can be extracted from the higher order diagrams
of the Coulomb repulsion [12, 16, 62]. These terms can
be expressed by spin susceptibility. The bare spin sus-
ceptibility in spin basis is expressed as
χ0s1s2s3s4(q, iωn) =
− T
N
∑
k,iνm
G0s1s2(k, iνm)G
0
s3s4
(k+ q, iνm + iωn),
(3)
with the free particle Green’s function in the spin basis
is given by
G0ss′(k, iνm) =
[
(iνm − k)σ0 − gk · σ
]−1
ss′
. (4)
Here iωn = 2nipiT and iνm = (2m+ 1)ipiT are imaginary
bosonic and fermionic Matsubara frequencies at temper-
ature T , respectively.
3FIG. 1. (Color online) Fermi surfaces, longitudinal and transverse components of RPA susceptibility for ω = 0 for different
values of filling 〈n〉 in the presence of antisymmetric SOCs. Left panel: for a square system with pure Rashba (Dresselhaus), and
right panel: with the same amplitudes of Rashba and Dresselhaus. The red (blue) line indicates the positive (negative), εk+ = 0
(εk− = 0), helical Fermi surfaces. The FS has anisotropic structure within the BZ for coincidence of Rashba and Dresselhaus.
The middle and right columns at each panel represent the longitudinal (χRPAzz (q, ω = 0)) and transverse (χ
RPA
xx (q, ω = 0))
components of RPA spin susceptibility for U = 0.5t, respectively. The in-plane antisymmetric SOC causes an anisotropy in
spatial components of spin susceptibility, i.e. χRPAxx 6= χRPAyy 6= χRPAzz [59]. It should be mentioned that χRPAyy is obtained from
rotation of χRPAxx with a counter-clockwise 90
◦ angle. Note: The axes in FS and susceptibility plots are (kx, ky) and (qx, qy),
both in the [−pi, pi] interval.
In the framework of RPA, the dressed spin susceptibil-
ity is obtained by
χˆRPA(q, iωn) =
[
1− χˆ0(q, iωn)Uˆ
]−1
χˆ0(q, iωn). (5)
Here 1 is a unitary 4 × 4 matrix and χˆ0(q, iωn) is the
matrix including the sixteen components of the bare spin
susceptibility with the following form
χˆ0(q, iωn) =

χ0↑↑↑↑ χ
0
↑↓↑↑ χ
0
↑↑↓↑ χ
0
↑↓↓↑
χ0↑↑↑↓ χ
0
↑↓↑↓ χ
0
↑↑↓↓ χ
0
↑↓↓↓
χ0↓↑↑↑ χ
0
↓↓↑↑ χ
0
↓↑↓↑ χ
0
↓↓↓↑
χ0↓↑↑↓ χ
0
↓↓↑↓ χ
0
↓↑↓↓ χ
0
↓↓↓↓
 , (6)
in which, its individual components are defined based on
the following Lindhard function
χ0s1s2s3s4(q, iωn) =
1
4N
∑
k,ξξ′
[
ζ
]s1s2s3s4
kq,ξξ′
f(εk+q,ξ′)− f(εk,ξ)
iωn + εk,ξ − εk+q,ξ′
,
(7)
with
[
ζ
]s1s2s3s4
kq,ξξ′
=
[
σ0 + ξgˆk · σ
]
s1s2
[
σ0 + ξ
′gˆk+q · σ
]
s3s4
,
(8)
and gˆk = gk/|gk|. Consequently, the spatial components
4FIG. 2. (Color online) (a) Density of states (DOS) at the
Fermi surface (ω = 0). (b) The values of critical interaction
as a function of filling 〈n〉 and relative strengths of Rashba
and Dresselhaus. It is obviously seen that the van Hove sin-
gularities occur near the half-filling.
of RPA susceptibilities are expressed as
χRPAxx (q, iωn) =
∑
s
[
χRPAsss¯s¯ (q, iωn) + χ
RPA
ss¯ss¯ (q, iωn)
]
,
χRPAyy (q, iωn) =
∑
s
[
χRPAsss¯s¯ (q, iωn)− χRPAss¯ss¯ (q, iωn)
]
,
χRPAzz (q, iωn) =
∑
s
[
χRPAssss (q, iωn) + χ
RPA
ss¯s¯s (q, iωn)
]
.
(9)
By setting U = 0.5t and performing the Matsubara
frequency summation over iωn → ω + i0+, in Fig. 1, we
present the longitudinal, χRPAzz (q, ω = 0), and transverse,
χRPAxx (q, ω = 0), components of the RPA spin susceptibil-
ity for several levels of filling 〈n〉. The second and third
(fifth and sixth) columns represents the longitudinal, and
transverse susceptibilities for the pure (mixed) SOCs, re-
spectively. The anisotropy in longitudinal and transverse
spin susceptibilities are resulted from the breaking of spin
rotation symmetry made by antisymmetric SOCs. For
pure Rashba (Dresselhaus), both longitudinal and trans-
verse susceptibilities show nearly incommensurate fluctu-
ations at high levels of filling. However, near half-filling
the susceptibility patterns exhibit roughly commensurate
antiferromagnetic fluctuations. It should be noted that
the symmetry in spin susceptibility of electron- and hole-
doped cases is presented because of the intrinsic electron-
hole symmetry of Eq. (1). Coexistence of Rashba and
Dresselhaus generates an anisotropy in spin fluctua-
tions with incommensurate antiferromagnetic vector be-
sides the emergence of the sub-dominant transverse and
longitudinal fluctuations. The critical on-site Hubbard
interaction, Uc, as a function of filling 〈n〉 and relative
strengths of Rashba and Dresselhaus is shown Fig. 2(b),
for which both longitudinal and transverse spin suscep-
tibilities simultaneously diverge.
Since we only consider the weak couplings, it is suffi-
cient to take into account the static susceptibility (ω = 0)
and its driven pairing interaction [13]. In the case with
zero spin-orbit coupling (g = 0), the O(3) symmetry
is satisfied and the physical parts of spin susceptibility
are the same (χRPAxx = χ
RPA
yy = χ
RPA
zz ). In the pres-
ence of Ising-like spin-orbit coupling with LzSz form, an
anisotrpopy is induced between longitudinal and trans-
verse susceptibilities, i.e. χRPAxx = χ
RPA
yy 6= χRPAzz . How-
ever, Rashba and/or Dresselhaus, (S+L− + S−L+), gen-
erate a full anisotropy among the spatial susceptibilities
(χRPAxx 6= χRPAyy 6= χRPAzz ) (for more related discussions
see Ref. [59]). Under this basis, the interaction matrix Uˆ
finds an off-diagonal shape as
Uˆ =

0 0 0 U
0 0 −U 0
0 −U 0 0
U 0 0 0
 , (10)
and the effective interaction within RPA is given by
Uˆeff(q) =
[
1− χˆ0(q, iωn)Uˆ
]−1
Uˆ . (11)
It should be mentioned that we merely consider the con-
tribution of spin fluctuations in calculation of the pairing
attraction. The effective interaction for opposite electron
spins consist of an even number of bubbles and ladder
diagrams. However, for electrons with same spins, the
effective interaction is explained as a summation over an
odd number of bubble diagrams [12]. Thus, the effec-
tive spin-fluctuation-mediated interactions Γeffsame(k,k
′)
and Γeffopp(k,k
′) for both same and opposite spins within
RPA are written as
Γeffsame(k,k
′) =
U2
(
χ0↑↑↑↑(k− k′) + χ0↓↓↓↓(k− k′)
)
1− U
(
χ0↑↓↓↑(k− k′) + χ0↓↑↑↓(k− k′)
) ,
Γeffopp(k,k
′) = U
[
2− U
(
χ0↑↓↓↑(k− k′) + χ0↓↑↑↓(k− k′)
)
1− U
(
χ0↑↓↓↑(k− k′) + χ0↓↑↑↓(k− k′)
)
−
2 + U
(
χ0↑↑↓↓(k+ k
′) + χ0↓↓↑↑(k+ k
′)
)
1 + U
(
χ0↑↑↓↓(k+ k′) + χ
0
↓↓↑↑(k+ k′)
)].
(12)
Note that Γeffsame and the first term in Γ
eff
opp are related to
the bubble diagram contributions. However, the second
part of Γeffopp corresponds to the ladder diagrams.
Superconducting pairing analysis
From the BCS theory, the superconducting order pa-
rameter at temperature T is obtained by self-consistently
solution of gap function equation
∆kξ = −
1
V
∑
k′ξ′
Γeffξξ′(k,k
′)
∆k′ξ′
2Ek,ξ′
tanh
Ek,ξ′
2T
. (13)
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FIG. 3. (Color online) Filling dependence of the effective
coupling constant λeffi in the absence of antisymmetric SOCs
(g = 0), in the singlet channel for U = 0.5t. The super-
conducting gap function has d-wave nature for entire of fill-
ing range. It is shown that for a wide range of filling, the
dx2−y2 -wave pairing dominates over dxy-wave gap symmetry.
However, in the regions far away from half-filling, dxy-wave
pairing is the leading order.
In the above equation, ∆kξ is the superconducting
gap function, and Ek,ξ′ =
√
ε2k,ξ′ + ∆
2
k,ξ′ is the cor-
responding quasiparticle energy of helicity ξ. More-
over, Γeffξξ′(k,k
′) denotes the effective interaction between
two electrons with momenta k, k′ and helicities ξ, ξ′.
Close to the critical temperature Tc, one can consider
Ek,ξ′ ∼ |εk,ξ′ | and linearize the self-consistent supercon-
ducting gap equation for both singlet and triplet channels
∆kξ = − ln
(1.13ωc
Tc
)∑
ξ′
∫
FS
ξ′
dk′
|vξ′F (k′)|
Γeffs/t(k,k
′)∆k′ξ′ .
(14)
Here, vξF = |∇εkξ| is the momentum-dependent
Fermi velocity for Fermi surface with helicity ξ, also
Γeffs (k,k
′) = Γeffopp(k,k
′), and Γefft (k,k
′) = Γeffsame(k,k
′)
correspond to singlet and triplet channels, respectively.
Converting the Eq. (14) to an eigenvalue problem, and
solving the gap equation reduces to find a dimensionless
coefficient λξξ
′
i for all possible angular momenta l, i.e.,
λξξ
′
i = −
∫
FSξ
dk
|vξF(k)|
∫
FS
ξ′
dk′
|vξ′F (k′)|
ηi(k)Γ
eff
s/t(k,k
′)ηi(k
′)∫
FS
ξ′
dk′
|vξ′F (k′)|
η2i (k
′)
,
(15)
where, λξξ
′
i represents a 2 × 2-matrix, whose diagonal
and off-diagonal elements represent the intra- and inter-
band pairing amplitudes, respectively. The effective su-
perconducting coupling constant λeffi for a given pair-
ing channel i is obtained by the largest eigenvalue of
the matrix λξξ
′
i . The eigenvector corresponding to the
largest eigenvalue determines the symmetry of gap func-
tion. Furthermore, the critical temperature Tc assigned
to λeffi is defined as Tc ∝ exp(−1/λeffi ). Therefore, the
largest positive λeffi generates the higher critical tempera-
ture. Notice that in Eq. (15), the momenta k and k′ are
restricted to the Fermi surfaces ξ and ξ′, respectively.
Moreover, only the momentum-dependence of supercon-
ducting gap is taken into account, i.e.
∆ξ(k) = ∆ξ η(k).
The momentum dependence of the possible supercon-
ducting pairings, ηi(k), at the lowest angular momenta
are listed as following
ηs = 1; ηext−s = cos kx + cos ky,
ηdxy = sin kx sin ky; ηdx2−y2
= cos kx − cos ky,
ηp = sin kx; ηf = sin kx(cos kx − cos ky).
(16)
Using the above recipe, Fig. 3 represents variation of
the effective coupling parameter λeffi regarding the level of
filling 〈n〉 for a system with spatial inversion symmetry
(g = 0) at U = 0.5t. For a wide range of filling, the
dx2−y2 -wave pairing dominates entire the singlet channel.
However, in a small region far away from the half-filling,
the singlet channel acquires dxy-wave symmetry. The
presence of spatial inversion symmetry guarantees the
negligible triplet pairing in this situation.
By the same token, Fig. 4 illustrates the phase dia-
grams extracted from the values effective coupling con-
stant λeffi for various superconducting gap symmetries as
a function of filling 〈n〉 and relative amplitudes of anti-
symmetric SOCs, for different values of on-site Hubbard
interaction. As shown in Fig. 4(a) for the singlet chan-
nel, and U = 0.2t, the dx2−y2-wave pairing dominates
over the system. Interestingly, the increasing of Hubbard
interaction leads to appearance of other spin-singlet pair-
ings, especially for U = 0.5t [see Fig. 4(b)]. For a wide
region centered around half-filling, near the pure Rashba
(Dresselhaus), s-wave pairing realizes. However, in the
regions far from the pure Rashba (Dresselhaus), dx2−y2 -
wave pairing dominates again. Very far from half-filling,
for many different values of Rashba and Dresselhaus, the
even-parity dxy-wave pairing emerges. As they are shown
in Figs. 4(c, and d), for the cases with U = 0.8t and
U = 1.0t, s-wave pairing is almost dominant in the sin-
glet channel and only within very narrow regions, one
can observe the other angular momenta. In addition,
the dark blue region could be related to the unstable or
higher order angular momentum pairings.
To complete this discussion, we have implemented our
results for the triplet channel in the second row of Fig. 4.
For such a case, the p-wave pairing is always observed,
unless for a small region at U = 0.8t, near the half filling
with the same magnitudes of Rashba and Dresselhaus,
where f -wave pairing is established. It should be noted
that for all cases, since λeffsinglet  λefftriplet, then the sin-
glet pairings are the leading pairing channels. This is
why only the effect of spin fluctuations on formation of
Cooper pairs are taken into account and the contribu-
tions of charge fluctuations and second neighbor hopping,
which significantly strengthen the triplet pairing [13, 14],
6S
in
g
le
t
(a)
U=0.2t
no-Sc s ext-s dxy dx2-y2
(b)
U=0.5t
no-Sc s ext-s dxy dx2-y2
(c)
U=0.8t
no-Sc s ext-s dxy dx2-y2
(d)
U=1.0t
no-Sc s ext-s dxy dx2-y2
T
ri
p
le
t
(e) U=0.2t
no-Sc p
(f) U=0.5t
no-Sc p f
(g) U=0.8t
no-Sc p f
(h) U=1.0t
no-Sc p
FIG. 4. (Color online) Phase diagrams derived from the dependence of the effective superconducting coupling constant λeffi for
the singlet (upper row) and triplet (lower row) channels to the level of filling and relative amplitude of Rashba and Dresselhaus,
at distinctive values of on-site Hubbard interaction. It is observed that for weak interactions, dx2−y2 -wave pairing is dominant
over the other symmetries in singlet channel. The enhance of U makes s-wave pairing dominant in singlet channel. However,
in the triplet part of Cooper pairs, p-wave always dominates, except for a very narrow region at U = 0.8t, near the half-filling
for the same amplitudes of Rashba and Dresselhaus, where the f -wave pairing is leading.
are neglected. It shows an obvious symmetry between
hole- and electron doping parts that is resulted from the
particle-hole symmetry in the Hamiltonian of Eq. (1).
IV. EVEN- AND ODD-FREQUENCY
SUPERCONDUCTING
Now we proceed to investigate the modification of
Cooper pairing, resulting from the proximity with a
ferromagnetic layer with magnetization vector M =
(Mx,My,Mz) [see Fig. 5]. The interface is assumed to
be spin-inactive, which forbids spin-flipping during the
tunneling process. In a ferromagnet, the spins of individ-
ual atoms are coupled by the direct- or superexchange-
interactions. The resulting net magnetic moment ori-
ented along the easy direction leads to an effective ex-
change field in the ordered phase.
The Hamiltonian characterizing the heterostructure
made by the proximity of a ferromagnet and supercon-
ductor can be written as
H = H2DNCS +H2DFM +Ht. (17)
Here, H2DNCS stands for the Hamiltonian of two-
dimensional noncentrosymmetric supercondcutor that is
described by the Bogoliubov-de Gennes (BdG) Hamilto-
nian, which is given by
H2DNCS =
1
2
∑
k
Ψ†kHBdGk Ψk, (18)
where Ψ†k = (c
†
k↑, c
†
k↓, ck↑, ck↓) is the Nambu space cre-
ation field operator, and HBdGk is defined by
HBdGk =
[
hˆk ∆ˆk
∆ˆ†k −hˆ∗−k
]
. (19)
Here the hˆk term represents the noninteracting part of
Eq. (1). Furthermore,
∆ˆk = i[ψkσ0 + gk · σ]σy
is the superconducting gap function in spin basis includ-
ing spin-singlet ψk and spin-triplet dk = (d
x
k, d
y
k, d
z
k)
pairings. The Hamiltonian of ferromagnet is expressed
7FIG. 5. (Color online) Schematic diagram of the NCS-FM
heterostructure considered in this work. The NCS and FM
occupy the z < 0 and z > 0 half spaces, respectively. The FM
magnetization, M, points in the arbitrary direction, M =
|M|(xˆ sin θ cosφ + yˆ sin θ sinφ + zˆ cos θ), where θ and φ are
polar and azimuthal angles, respectively.
as
H2DFM =
1
2
∑
q
Φ†qHFMq Φq, (20)
in which Φ†q = (a
†
q↑, a
†
q↓, aq↑, aq↓) is the creation field op-
erator of the ferromagnet with a†qσ (aqσ) as the creation
(annihilation) operator of a spin-polarized electron with
momentum q = (qx, qy) and spin σ. Moreover, HFMq is
HFMq =
[
hˆFMq 0
0 −hˆ∗FM−q
]
. (21)
In the above equation, the Hamiltonian hˆFMq is defined by
hˆFMq = ε
′
qσ0 −M · σ, (22)
where ε′q =
q2
2me
− µF is the energy dispersion of a spin-
polarized electron of massme with chemical potential µF .
Considering the possibility of electron tunneling between
2D-NCS and FM, the tunneling Hamiltonian is given by
Ht =
∑
kq
Ψ†kHtk,qΦq + h.c., (23)
in which
Htk,q = t′(τz ⊗ σ0),
Here t′ is the tunneling amplitude between FM and 2D-
NCS, and τz represents the Pauli matrix in a basis con-
sisting of the ferromagnet and superconductor.
Formalism of the Cooper pairing of
2D-noncentrosymmetric superconductor in
proximity of a ferromagnet
In this section we aim to investigate the modification
of Cooper pairs as the result of proximity of 2D-NCS
and FM with an arbitrary magnetization M. The unper-
turbed Green’s function of 2D-NCS can be written as
Gˇ0NCS(k, iωn) =
[
Gˆ0NCS(k, iωn) Fˆ0NCS(k, iωn)
Fˆ0†NCS(k, iωn) −Gˆ0ᵀNCS(−k,−iωn)
]
,
(24)
where Gˆ0NCS(k, iωn) and Fˆ0NCS(k, iωn) are unperturbed
normal and anomalous Green’s functions of 2D-NCS [38,
63], which are defined by
Gˆ0NCS(k, iωn) = G0+(k, iωn)σ0 + (gˆk · σ)G0−(k, iωn),
Fˆ0NCS(k, iωn) =
[
F0+(k, iωn)σ0 + (gˆk · σ)F0−(k, iωn)
]
∆ˆk,
(25)
with
G0ξ (k, iωn) = −
1
2
∑
ξ
ξ
iωn + εkξ
ω2n + ε
2
kξ + ∆
2
kξ
,
F0ξ (k, iωn) =
1
2
∑
ξ
ξ
1
ω2n + ε
2
kξ + ∆
2
kξ
.
(26)
FIG. 6. (Color online) The momentum dependence of the am-
plitudes for even- and odd-frequency parts of modified pairing
functions in a system with pure Rashba (Dresselhaus) (left
panel) and the same contributions of Rashba and Dressel-
haus (right panel), at ω = 0.2t. The results correspond to
the filling 〈n〉 = 0.9 and an exchange field with magnetiza-
tion vector M = (0.01t, 0, 0). The first row corresponds to
singlet, and the second, third and forth rows represent the
triplet components: |F it (k, ω)|; i = x, y, and z, respectively.
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∆kξ = ψk + ξ|dk|
is the magnitude of the superconducting gap for FS with
helicity ξ. The Green’s function of FM is written as
Gˇ0FM(q, iωn) =
[
Gˆ0FM(q, iωn) 0
0 −Gˆ0ᵀFM(−q,−iωn)
]
, (27)
where
Gˆ0FM(q, iωn) =
[
iωnσ0 − hˆFMq
]−1
=
(iωn − ε′q)σ0 −M · σ
(iωn − ε′q)2 − |M|2
.
(28)
The total Green’s function of the 2D-NCS can be read
using the following Dyson equation
GˇNCS(k, iωn) = Gˇ0NCS(k, iωn)
[
1 + Σˇ(k, iωn)GˇNCS(k, iωn)
]
.
(29)
Here the self-energy term Σˇ(k, iωn), carrying the effect
of the magnetic proximity, is given by
Σˇ(k, iωn) =
∑
q
Htq Gˇ0FM(q, iωn) Ht†q . (30)
It is worthwhile to be mentioned that momentum con-
servation forces the tunneling phenomena between NCS
and FM to occur only for the electrons with the same
momenta (k = q) [64].
Within the weak coupling regime, the FM proximity
minimally affects the electronic band structure of 2D-
NCS. Thus, up to the second order perturbation, total
Green’s function of 2D-NCS is described by
GˇNCS(k, iωn) ≈ Gˇ0NCS(k, iωn)
[
1 + Σˇ(k, iωn)Gˇ0NCS(k, iωn)
]
.
(31)
Therefore, it is possible to rewrite the anomalous Green’s
function of the modified 2D-NCS as
Fˆ(k, iωn) =
[
Fs(k, iωn)σ0 + Ft(k, iωn) · dk
]
iσy, (32)
where the singlet and spatial components of triplet pair-
ings are defined by
Fs(k, iωn) =
1
2
[
F↑↓(k, iωn)− F↓↑(k, iωn)
]
; F xt (k, iωn) =
1
2
[
F↓↓(k, iωn)− F↑↑(k, iωn)
]
,
F yt (k, iωn) =
−i
2
[
F↑↑(k, iωn) + F↓↓(k, iωn)
]
; F zt (k, iωn) =
1
2
[
F↑↓(k, iωn) + F↓↑(k, iωn)
]
.
(33)
Based of Eq.( 33), the final forms of modified singlet and triplet superconductor in 2D-NCS are given by
Fs(k, iωn) =F0−(k, iωn)
[
I(k) + t′2
{
G0−(−k,−iωn)J (k, iωn) + G0−(k, iωn)K(k, iωn)
}]
,
F xt (k, iωn) =F0+(k, iωn)
[{
1 + t′2
{
G0+(k, iωn)L(k, iωn) + G0+(−k,−iωn)L′(k, iωn)
}}
dx(k)
− it′2Mz
{
G0+(k, iωn)M(k, iωn) + G0+(−k,−iωn)M′(k, iωn)
}]
,
F yt (k, iωn) =−F0+(k, iωn)
[{
1 + t′2
{
G0+(k, iωn)L(k, iωn) + G0+(−k,−iωn)L′(k, iωn)
}}
dy(k)
+ it′2Mz
{
G0+(k, iωn)M(k, iωn) + G0+(−k,−iωn)M′(k, iωn)
}]
,
F zt (k, iωn) =F0−(k, iωn)
[
I ′(k) + t′2
{
G0−(−k,−iωn)J ′(k, iωn) + G0−(k, iωn)K′(k, iωn)
}]
.
(34)
This analytically indicates that all components of the modified anomalous Green’s function can be expressed as a
combination of both even- and odd-functions in terms of frequency, iωn. The functions I(k), I ′(k) in Eq.( 34) do not
depend on frequency and are defined as
I(k) = gxkψk − igykdzk; I ′(k) = gxkdzk − igykψk. (35)
Whereas the frequency dependent functions J (k, iωn), J ′(k, iωn), L(k, iωn), L′(k, iωn), M(k, iωn), and M′(k, iωn)
9are given by
J (k, iωn) =
Mxψk + iMyd
z
k
(iωn + ε′k)2 − |M|2
; J ′(k, iωn) =
Mxd
z
k + iMyψk
(iωn + ε′k)2 − |M|2
,
L(k, iωn) = iωn − ε
′
k
(iωn − ε′k)2 − |M|2
; L′(k, iωn) = iωn + ε
′
k
(iωn + ε′k)2 − |M|2
,
M(k, iωn) = 1
(iωn − ε′k)2 − |M|2
; M′(k, iωn) = 1
(iωn + ε′k)2 − |M|2
,
(36)
Finally, the functions K(k, iωn), K′(k, iωn) in Eq. (34) are defined as follow
K(k, iωn) =
2gxkg
y
k(iMxd
z
k +Myψk)− (gx2k − gy2k )(Mxψk + iMydzk)
(iωn − ε′k)2 − |M|2
,
K′(k, iωn) =
2gxkg
y
k(iMxψk +Myd
z
k)− (gx2k − gy2k )(Mxdzk − iMyψk)
(iωn − ε′k)2 − |M|2
.
(37)
FIG. 7. (Color online) Magnitude of singlet |Fs(k, ω)| and
triplet |F it (k, ω)| (i = x, y, z) components of anomalous Green
function with respect to the direction of magnetization vector:
θ, and φ, in the spherical coordinates: (|M|, θ, φ) with magne-
tization amplitude |M| = 0.01t. Left panel shows the results
for the system with pure Rashba (Dresselhaus), and the right
panel represents them for the same mixture of Rashba and
Dresselhaus. Here and in the following figures, we set the
momenta at k = (0.13,−2.15), and the energy at ω = 0.2t.
Using the mentioned equations, Fig. 6 portrays the am-
plitude of modified anomalous Green’s functions within
BZ in the presence pure Rashba/Dresselhaus (left panel),
and in the presence of the same contributions of Rashba
and Dresselhaus (right panel), at energy ω = 0.2t.
The type of superconducting gap function excluding
NCS-FM proximity is obtained as dx2−y2 + p-wave. It is
obviously observed that as the result of coupling between
FIG. 8. (Color online) Magnitude of singlet |Fs(k, ω)| and
triplet |F it (k, ω)| (i = x, y, z) components of anomalous Green
function, for the case of the magnetization vector M aligned
in “xy-plane”, versus the magnitude |M | and polar angle φ.
Left panel shows the results for the system with pure Rashba
(Dresselhaus), and the right panel represents them for the
same mixture of Rashba and Dresselhaus. The momenta and
the energy are the same as Fig. 7.
2D-NCS and FM, the even- and odd-frequency pairings
blends together. One should note that in a 2D-NCS the
condition dk||gk should be satisfied to survive triplet
pairs. Since the antisymmetric SOC g-vector has only
x- and y-components, thus the triplet d-vector has
only in-plane elements. Figs. 6(d, h, l and p) illustrate
that the NCS-FM proximity induces out-of-plane triplet
component (F zt ) into the NCS. This is resulted from
10
FIG. 9. (Color online) Same as Fig. 8 but for the magneti-
zation vector M aligned in “xz-plane”, with respect to the
magnitude |M | and azimuthal angle θ.
FIG. 10. (Color online) Same as Fig. 8 but for the magne-
tization vector M aligned in “yz-plane”, with respect to the
magnitude |M | and azimuthal angle θ.
amplifying the out-of-plane ferromagnetic fluctuations
due to the proximity effect. The signature of Fermi sur-
face is obviously detectable in both even and odd parts
of the modified anomalous Green’s function. We find
that the angular momentum of initial singlet and triplet
pairings do not have a meaningful impact on the nature
of modified even- and odd-frequency superconductivity.
To see the spherical and magnetic orientation de-
pendency of anomalous Green’s functions, we sketch
in the subplots of Fig. 7, the impact of FM magne-
tization vector direction on the magnitude of even-
and odd-frequency parts of the modified anomalous
Green’s function at an example point in the BZ and
energy space with coordinates of k = (0.13,−2.15) and
ω = 0.2t. It is obvious that coexistence of Rashba
and Dresselhaus considerably alters the magnitudes of
|Fs(k, iωn)| and |F x,y,zt (k, iωn)|, for this point. Besides,
for an in-plane magnetization vector in a system with
pure Rashba (Dresselhaus), |Fs(k, iωn)| has almost its
maximum value, however, |F x,yt (k, iωn)| are in their
minima. This figure clearly shows the existence of
out-of-plane triplet pairing for non-zero magnetization
and its variations in terms of direction of magnetization
vector and alternation of antisymmetric SOCs. One can
easily find that mixing of Rashba and Dresselhaus thor-
oughly shifts these results.
To complete our investigations, we display the varia-
tions of singlet and triplet channels of even- and odd-
frequency parts of anomalous Green’s function (absolute
values) in Figs. (8, 9, and 10), with respect to the mag-
nitude of magnetization vector in the xy- xz-, and yz-
planes, respectively.
In xy-plane (Fig. 8), increasing the magnitude of mag-
netization vector leads to raise the even and odd parts
of modified singlet anomalous Green’s function at φ = pi,
for the pure SOC. However, this maximum slightly shifts
from this optimum azimuthal angle in the case of mixing
SOCs. Moreover, although the x-component of modi-
fied triplet anomalous Green’s function shows its max-
ima at φ ∼ 0 or φ ∼ 2pi in the case of pure SOC, the
y- and z-components behave totally different; the maxi-
mum in y shifts a bit from the mentioned angles and the
z-component shows two maxima at φ ∼ pi/2 and φ ∼
3pi/2. In all cases, manipulating the relative strengths of
Rashba and Dresselhaus considerably change the behav-
iors of |Fs(k, iωn)| and |F x,y,zt (k, iωn)|.
In xz-plane (see Fig. 9), the enhance of the magnetiza-
tion amplitude may result in increase or decrease of the
magnitude of |Fs|, with respect to the value of polar angle
θ. For polar angles near θ = 0 or θ = pi, raising the mag-
netization enlarges |Fs|, but, for θ ∼ pi/2, the behavior
is reversed. Finally, for all components of triplet pair-
ings, the increment of magnetization vector amplifies the
magnitude of modified anomalous Green’s function. At
the end we should mention that the results of xz-plane,
comprehensively, hold for the singlet and triplet parts of
anomalous Green’s function in yz-plane (see Fig. 10).
V. CONCLUSION
We present a study of superconducting instabilities and
gap structures in a 2D noncentrosymmetric square lattice
with on-site Hubbard interactions. We examine the in-
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fluence of two important discrete symmetries, i.e. time-
reversal and inversion symmetries, on the parity and fre-
quency characteristics of Cooper pairs. We analyze the
consequences of Rashba and Dresselhaus SOCs coinci-
dence on the pairing symmetry at different levels of hole-
and electron-doping within a spin-fluctuation-mediated
scenario. Using RPA approach, we observe pure d-wave
pairing at the presence of inversion symmetry, which is
consistent with earlier studies [12, 16]. In the absence of
inversion symmetry, we find a dominant dx2−y2 + p-wave
pairing at low levels of interaction. An enhancement in
the strength of Hubbard term dominates s+p-wave pair-
ing over a wide region of filling and relative amplitudes of
Rashba and Dresselhaus. However, the phase diagrams
of superconducting pairings (Fig. 4) reveal the emergence
of other symmetries such as dxy+p-wave, s
∗+p-wave, and
s+ f -wave pairings in narrow regions of phase diagrams.
Particularly, in the vicinity of half-filling at U = 0.8t,
close to van-Hove singularity, for the nearly same mag-
nitudes of Rashba and Dresselhaus, the leading triplet
pairing solution has f -wave symmetry, which has been
originated from ferromagnetic fluctuations. Moreover, we
investigate the realization of odd- and even- frequency
superconductivity at a ferromagnet proximity in a 2D
NCS. Using the structure of anomalous Green’s function
up to the second order perturbation theory, we show the
admixture of both odd- and even-frequency components,
resulted from the broken time-reversal symmetry. We ap-
proach to a general expression for the pairing amplitudes
of the anomalous Green’s function of a heterostructure
including a 2D-NCS and a FM with an arbitrary magne-
tization. Finally, we show that our theory of cooperative
Rashba and Dresselhaus is capable to manipulate the
pairing symmetry of Cooper pairs for both parity and
frequency point of views.
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